We give an explicit realization of a series of representations of SU(2,2) induced by R+ 0 SL(2,C). Vectors in these representation spaces are homogeneous spin or-valued functions of two twist or variables. They may also be realized, in a frame-dependent way, either as conformally invariant fields in Minkowski space or as homogeneous spinor-valued functions on the 0(2,4) null cone. The conformal invariance of the massless free fields is discussed from this point of view, and the twistor version of the field eq uations is derived. Finally, irreducible twistors are shown to correspond to conformally invariant fields satisfying the generalized twistor equation.
INTRODUCTION
Among the most important representations of the conformal group of space-time are those which give rise to physical fields in Minkowski space. These fields can be constructed by the method of induced representations; they are derived by means of a certain projection operation from the cross sections of homogeneous SU(2, 2) vector bundles. In suitably chosen bases, these cross sections assume the familiar form of homogeneous spinor-valued functions on the 0(2,4) null cone; the actual physical fields are obtained by projecting (or restricting) these functions to Minkowski space. 1_4 An alternative realization of some of these fields has been obtained by Penrose, 5_7 who shows that to each set {cpr: O~ r~ nt of holomorphic functions of two twistor variables (j and V satisfying in Minkowski space. Conversely, it can be shown (Sec. 5, see also Ref. 9 for an altogether different approach) that any real analytic solution to (1. 3) may be described by holomorphic twistor functions.
More generally, it turns out that any representation of of SU(2, 2) induced by R+0 SL(2, C) may be realized on a space of vector -valued functions of two twistor variables (Secs. 3 and 4) . If the representation can be analytically continued to the complex 0(2,4) null cone, then the real analytic fields determined by the representation will correspond to holomorphic twistor functions. It is a decided advantage of this formalism that the twistor functions, independent of their analyticity properties, transform as scalars under SU(2, 2). The reason for this, as might be expected, is that the pair (U, V) is actually a generalized "frame" in an appropriate principal bundle, and the main purpose of this paper is to examine this fact in some detail. As a by-product, we are able to give a unified treatment of massless fields, conformally weighted densities, twistor functions, and homogeneous functions on the 0(2,4) null cone, objects which often appear in somewhat different settings.
Some of the representations considered here are quite well known in one form or another, and certain of their properties have been considered at length in the literature. The Lie algebra version of much of this, together with some applications to quantum field theory, may be found in Ferrara et al. 3 Invariant scalar products are discussed by Gross 10 and Penrose. 5.7 These subjects will not be considered here; in particular, we do not discuss the topology of the representations.
The first part of the paper is concerned with establishing the existence of a principal bundle homorphism from SU(2, 2)-N onto the set of twistor dyads over N, N being the 0(2,4) null cone. It then follows directly that the representations above referred to can all be realized on spaces of twistor functions, different representations being characterized by the homogeneity properties of their respective twistor functions. Those representations which can be analytically continued to the complex 0(2,4) null cone are labeled by an ordered pair of integers (nu n 2 ).
We then show that the massless free fields of helicity n/2 belong to an invariant subspace of the (n, 1) representation, and that, in the real analytic case, (1. 3) implies (1. 1) and (1. 2). As a simple application of the formalism introduced, we conclude by showing the direct connection between finite-dimensional representations of SU(2,2) and solutions to the generalized twistor equation.
PRELIMINARIES

Notation and conventions:
W: Minkowski space; 17"w = diag{1, -1, -1,-l} /\: R" together with the quadratic form hab = diag{ 1, 
where y is any representative of [y] . The subgroup of
REPRESENTATIONS
We are going to be concerned with representations of SU(2,2) induced by representations of either W or V with the property that ~ is in the kernel of the inducing representation. Vectors in these representation spaces, regarded as functions on SU(2, 2), will thus be constant on the cosets of ~. It turns out that a particularly useful parametrization of these cosets is provided by pairs of
To see this explicitly, regard a matrix T E. SU(2, 2) as being composed of four twistors Notice that for any y E. erN, P_1(y);; SL(2, C) by virtue of (3.4). It will be convenient to label U and V by spinor indices,
A right action of SL(2, C) on 5* is given by
where aA,B'= a A B and 5* -ow (resp. 5 -N) becomes a principal 8L(2,C) bundle. 8U(2,2) acts on 5* (resp. 5) in the obvious way, 
:[E:F!G!H]-(H,-G). (3.9)
Evidently, p is fiber preserving, and a simple calculation shows that
(3.10)
Thus, p is a principal bundle homorphism which commutes with the action of 8U(2, 2).
We come now to the induced representations. Let T: 8L (2, C) -aut(V) be a representation of 8L(2, C) on the finite-dimensional vector space V. T may be regarded as a representation of W as well, by putting T(a,A) = T(a). It is an immediate conseq11ence of (3.10) that the two associated homogeneous vector bundles 8U(2, 2) (8ee, for example, Hermann. 13) Conversely, any Vvalued function on 5 satisfying (3. 12) may be thought of as a cross section of 5 X T V. We therefore have the result: Any representation of 8U(2, 2) induced by 8L(2, C) in the manner described above may be realized on a space of vector -valued functions of two twistor variables VA" where V A' E 5.
HOMOGENEOUS TWISTOR FUNCTIONS
The representations constructed in the above manner are all highly reducible. The simplest way to see this is to consider 5 as a bundle over 111 with structure group R+?9 8L(2, C) acting in the obvious way, VA"ya=rVwaB'A" rcR+, aE8L(2,Cl.
(4.1)
Let p': V-R+ 2J 8L(2;C) send (ra, A) to ra and let p:
8U(2,2) -5 be given by (3.9). Then, as before, p is a principal bundle homo~phism (of bundles over;ff this time) commuting with the action of 8U (2,2). 80 any representation induced by R+ 2J 8L(2, C) may also be realized on a space of functions of two twistor variables.
In particular, if T is any representation of 8L(2,C) on V, and Ie is any complex number, we can define a representation T).:
If \} is a cross section of S XT). V -;ff, the associated twistor function satisfies (4.3)
For r = 1, this agrees with (3.12), and we may therefore regard \} (or ~) as belonging to an invariant subspace of the representation induced by T. In short, the mapping q, -cj; intertwines the T). representation with the T representation. The net effect of the intertwining operator, as can be seen by taking 01=1 in (4. 3), is to remove the R+ dependence (or local scaling behavior) of the original field (defined on/h) by spreading it out in an appropriate homogeneous fashion on the generators of N. 
If, in addition, cj; satisfies (4.3), the functions qJ r satisfy qJr(tV," , UI') =c_/ Cn -).-2 r )/2qJr(U0" UI')' A necessary precondition for this is that the exponents appearing in (4. 6) be integers: if A is set equal to 11+ 21<, this means that k must be an integer. In this case, independent of analyticity properties, .}; is called a jifnctioll of type (n, l? l. It will be shown in the next section that a massless free field of helicity n/2 is a function of type (n,l).
Clearly, both 5* and 5* X TCn ) V(n) are holomorphic bundles over oW, and a holomorphic (local) cross section of 5* xTCn)V(n) determines a holomorphic V(Il)-valued function of U A' satisfying (3.12). In this context, if a V(n)-valued function <P [of type (n,l?) , say] is the restriction to w,," 5 of a function holomorphic in some open neighborhood of W in 5*, we call the field q, determined by c$ real analytic on p(W) ~N. It will be evident in the next section that this corresponds to the usual notion of real analyticity whenever it makes sense. Notice that fields of type (n,k) Thus, except for a scale factor, such cross sections are constant on the generators of N.
As was mentioned before, a cross section of 5 x, V -;1f may be regarded as a cross section of 5 x, V -Jv as well. The components of 'II (y) in the dyad U A' (y) are given by (4.9) and by construction, it is immediate that (compare Refs. 1-3)
(4.10)
From a slightly different point of view, the same cross section may be realized as a conformally weighted denSity in ~ (compare Refs. 8, 14, and 15). When expressed in terms of x" and K, the components of </I are are homogeneous of degree 0 in the x" and of degree -A/2 in K. Thus, if !vI is a slice of N given by K(X), the components of </I on !vI are related to those on ~ by (4.11) Identifying !vI with M4 via (x, K(X» H (x, 1) , this can be written as (4.12) Together with (2.3), this gives the local transformation law for a density of conformal weight -;\/2. Of course, if the cross section of SU (2, 2) is not elementary, the right-hand side of (4.12) will contain an x-dependent SL(2,C) matrix acting on the indices of </I.
5.THE ZERO REST-MASS FiElDS
Consider a solution to the helicity n/2 free field equations in~, 
(In M4, this is the normal basis in which the operators P" do not act on the indices of the fields.) We thus have the value of .; in any other twistor dyad over (x, K) being given by (3.12). Notice that if
is an arbitrary twistor dyad at x, it has the form Using (3. 12), one sees that .p (UK') are the components at x of the original field in the spin-frame {o,"Z}. Thus the dyad UK' determines both the point x and a spin-frame at X,5 while the transformation properties of .p correctly mirror the behavior of cP under local SL(2, C) transformations. 16 To transform the original field cP under SU(2, 2) is now a simple matter. If T E SU(2, 2), we define
It is now easy to verify that (5.9) i. e. , that Eq. (5.1) is conformally invariant. Poincare and dilation invariance is immediate, so the only thing that needs to be checked is invariance under ~ . Since ~ is conjugate to the translations under H= [~~] , the proof reduces to showing that Hep satisfies (5.1) if ep does. The calculation involved is straightforward, but quite lengthy, and is omitted, although it should be noted that this is the point at which the precise degree of homogeneity of .p plays a crucial role.
Conversely, it is clear that any $ of type (n, 1) which satisfies (5.1) in the standard cross section gives rise to a zero rest-mass field in~. In a general cross section (restricted to M4), Eq. (5. 1) will of course involve the spinor covariant derivative.
We now confine our attention to solutions of (5.1) which are real analytic on some open subset of ~. These admit holomorphic extensions to open subsets vf C~ which also satisfy (5.1). Using (5.4) with x and K complex, we obtain a.p of type (n, 1), holomorphic on where V AA ' = iiC~~·<;7AC'. Expanding (5.12) then gives (5.11) for V J' = V J" Since any dyad over (x, K) 
, r = , , ... , n -.
( 5.13) (5.14)
The homogeneity conditions (4.6) may be written V"'~~:=-(r+1)CPr' V"'~~:=-(n-r+1)CPr' (5.15) and these are the twistor versions of the zero rest-mass free field equations. 5_7 The auxilliary conditions (5.16) follows immediately from (5.14).
Conversely, Eqs. (5.14)-(5.16) are manifestly conformally invariant, and it is a simple matter to check that any solution to them yields, in the manner described above, a real analytic solution to the zero rest-mass field equations in Minkowski space. If the functions CPr are holomorphic on a neighborhood of the whole of 5 in 5*, the resultant field will be single-valued and vanish in a characteristic fashion at null infinity. Specifically, it will exhibit the "peeling-off" property: see Ref. 8 and the other references cited there.
Remark: The center of SU(2, 2) is generated by powers 
COMPLEX CONJUGATE REPRESENTATIONS
The complex conjugates of the representations considered above are most usefully realized on the bundle of dual twistor dyads. Let (6.1) with V and V transforming under the adjoint representation of SU(2,2). Letting fj"'= QOIB Us, define the projection from 5'* to (IN by (6.2) Denote the pair (V"" V",) by VA (A = 0, 1), and define the action of SL(2, C) by (6.3)
The bundle of dual twistor dyads over N is defined by S' =p,-lW).
Just as above, the representation of SU(2,2) induced by the representation 6.4) of SL(2, C) may be realized as a space of functions of the two variables U A' It is a simple matter to verify that the homogeneous vector bundle constructed in this fashion is (isomorphic to) the complex conjugate of SXT(nlV(n) . There is an analogous decomposition of the representation into homogeneous twistor functions. In particular, corresponding to a real analytic solution of the field equations Conversely, it can be shown that any global solution to (7.2) is of the form (7.1), thereby uniquely defining a twistor W",.
Equations such as (7.1) arise quite naturally in the formalism given in this paper. For consider the constant, totally symmetric twistor S OIB • •• r of valence [~] . This can be used to define a symmetric spinor-valued function ~ A' ••• B' on S* , (7.3) Upon writing out the independent components of L, one sees that it is a function of type (n, -n); thus this representation contains a finite-dimensional invariant subspace. If we use L to define a conformally invariant field in ~ by putting then an easy calculation gives (7.4) (7.5) a solution to the generalized twistor equation. Conversely, using the methods of Sec. 5, it may be shown that any solution to (7.5) uniquely determines a symmetric twistor of valence [~l.
CONCLUSION
We have established a correspondence between a certain series of induced representations of SU(2, 2) and different space of homogeneous functions of two twistor variables. We have shown, in a concrete way, that the zero rest-mass fields, homogeneous functions on N, and conformally weighted spinor densities, all of which naturally occur in discussions of the conformal group, should be regarded as representing different aspects of the same geometric objects, namely cross sections of homogeneous vector bundles. We have also tried to show that, even in the nonanalytic case, these objects are most naturally described by means of twistors. The advantages of the twistor description are particularly evident in the case of analytic fields.
As a final remark, we should note that while twistor theory is manifestly conformally invariant, it is a simple matter to "break conformal invariance" and thereby obtain a Poincare invariant theory. It is only necessary
